We propose a Kretschmann-based nonlinear plasmonic sensor with a gold thin film deposited on a glass prism. Visible and mid-infrared signals are generated in this configuration through the nonlinear processes of sum-and difference-frequency generation, respectively. The calculated maximum sensitivity and figure of merit of our sum-frequencybased sensor is an order of magnitude higher than that of a traditional Kretschmann-based sensor in the visible range. Our difference-frequency-based sensor has a maximum sensitivity of 1.0 × 10 6 nm/RIU in air at 4.29 μm, which is three orders of magnitude higher than that of existing devices in the mid-infrared range, with its maximum figure of merit almost two orders of magnitude higher than the alternatives. By comparison, the calculated sensitivity for operation in water for both sum-and difference-frequency is about half that in air. We, thus, demonstrate significant gains in the sensitivity of the well-known Kretschmann-based plasmonic sensor over a wide wavelength range, without modifying the physical sensor, but by exploiting and simply taping the nonlinear optical properties of the system.
Introduction
In the past decade or so we have witnessed rapid development in the field of plasmonics which exploits collective oscillations of conduction electrons in metals [1] , [2] . These oscillations are also known as surface plasmon resonance (SPR), with the position and intensity of the SPR strongly affected by the type of conductor and dielectric properties of the surrounding environment [2] , [3] . This has led to the development of a variety of sensors with applications to biochemical and environmental sensing [4] - [8] .
The most common SPR sensor configuration is based on the Kretschmann coupling geometry, whereby a metal thin film is deposited on a glass prism [9] . Changes in the refractive index of the dielectric on the metal film can be matched to either angular or spectral changes in the reflected linear fundamental wave (FW) from the sensor. Despite its simplicity, the Kretschmann-based sensor has limited sensitivity [10] , which has led to a move towards other plasmonic sensors such as local surface plasmon (LSP) [11] , grating-coupled [12] , optical fibre [13] and composite [14] sensors that offer greater sensitivity.
Most of the plasmonic sensors mentioned above work within the framework of linear plasmonics, where there is no frequency mixing within the incident light source spectrum bandwidth. On the other hand, most of the research carried out in the field of nonlinear plasmonics, is geared towards the fundamental understanding of generation, modification and enhancement of harmonic frequencies [15] - [20] . However, there has been some progress made in the development of nonlinear plasmonic sensors based on the processes of second (SHG) [21] , [22] and third harmonic generation [23] , with most of these sensors based on LSP resonance of nanoparticles.
We have recently demonstrated [24] , [25] plasmon-enhanced spectral changes in reflected sum-frequency generation (SFG) and difference-frequency generation (DFG) using the simple Kretschmann configuration. In the current study, we propose a robust, simple and highly sensitive nonlinear surface plasmon sensor operating at visible and mid-infrared (MIR) wavelengths based on the Kretschmann geometry. We demonstrate ultra high wavelength sensitivities for the proposed sensor compared to that of traditional Kretschmann plasmonic sensors [10] , [26] , especially at mid-infrared wavelengths, where many metals experience huge losses [27] . We also estimate the signal strength and figure of merit of the proposed sensor.
Kretschmann Coupling Geometry and Theoretical Background
We use the so-called Kretschmann configuration shown in Fig. 1 for our proposed sensor. Our sensor is dynamic in the sense that we use the same physical sensor over a wide wavelength range as opposed to the traditional Kretschmann sensor which operates only at optical frequencies. The conducting film is deposited on a glass prism with permittivity ε 1 = 2.25 and thickness d. We are using gold as the thin film of choice in this investigation due to its inertness and compatibility with biological samples. Other metals can be used for our sensor as well, depending on the sample of interest. Silver in particular has been shown to have a strong plasmonic response at visible frequencies, with very sharp resonance peaks and could be used if inertness and stability are not important for a sample under examination [10] .
With the physical structure of the sensor fully defined, we then proceed to briefly outline the theory of the linear and nonlinear interaction of light incident on a metal film in this geometry. The light source is assumed to generate a highly collimated and fully spatially coherent plane wave [28] - [30] . The incident FW with a spectral amplitude A (ω) is represented by
where k 1 = (k x , 0, k 1z ) and k 1 = (ω/c) √ ε 1 , with k 1 expressed in terms of the incident angle θ 0 as
Whenever the FW is incident on the metal, it undergoes multiple reflections within the thin film. The cumulative reflected FW from the film can be calculated using the Airy summation technique [31] and is given by
wherer 12 (ω, θ 0 ) is the Fresnel reflection coefficient for p-polarization given by [32] r 12 
r αβ represents the reflection coefficient of the interface between media α and β, (α, β = 1, 2, 3).
The energy spectrum of the incident S 0 (ω, θ 0 ) and reflected S r (ω, θ 0 ) waves can be written as [33] 
The incident wave excites surface polarizations at both the lower and upper interfaces of the gold film. We use the undepleted pump approximation implying that the power of the incident FW is assumed to be constant. Thus the general i th component of the sum-frequency polarization field is given by [34] 
and the difference-frequency polarization given by
Here (i , j, k = x, y, z), ω 1 and ω 2 are the pump frequencies within the incident fundamental pulse bandwidth; ω 3 = ω 1 ± ω 2 represents the generated sum (+) and difference (−) frequencies and the asterisk ( * ) denotes a complex conjugate. χ (2) S,ijk (∓ω 3 ; ω 1 , ω 2 ) is the nonlinear surface susceptibility tensor of the SFG and DFG processes respectively.
We use Eq. (1), (5) and (6) to evaluate the nonlinear polarization at the lower and upper interfaces of the film. These lower and upper interface polarizations act as source currents at the nonlinear frequency, and the resulting sum-or difference-frequency field is given by
Here G ij (r, r ) is a dyadic Green's function [35] . The reflected sum-and difference-frequency signal spectra can then be determined from their definitions, Eq. (4). We have presented just a general outline of the theoretical formulation with the complete treatment and technical details found in [24] , [25] . It should be noted that all quantities in Eq. (7) are evaluated at either the sum or difference frequency ω 3 .
The proposed plasmonic sensor performance is evaluated by its sensitivity, S(λ) and figure of merit (FOM). For our sensor, S(λ) measures the dependence of the reflected nonlinear resonance peak position on changes in the refractive index of the dielectric environment (ε 3 ), while the FOM determines the measurement accuracy of the sensor by taking into account the spectral width of the reflected signal. Ideally, we want a sensor with high values of both sensitivity and FOM. The wavelength sensitivity of a plasmonic sensor is defined as [36] 
where n is the refractive index of the dielectric sample (ε 3 ), and λ is the peak wavelength of the reflected wave. By changing the dielectric constant of medium 3, we calculate the resultant shifts in the peak position of the nonlinear reflected spectrum and use this to determine the spectral sensitivity. The FOM is defined as [37] 
where FWHM is the full width at half maximum of the reflectance dip (linear sensor) or peak (nonlinear sensor) spectrum. The signal to noise ratio (SNR) is sometimes used to evaluate the performance of a SPR sensor and is defined by [38] 
The FOM provides the same qualitative information as the SNR and thus we will limit our discussions to just the FOM in this paper. We aim to achieve high SNR or FOM values by optimizing the sensitivity of our system. Besides the sensitivity and FOM, other possible factors that affect the performance of a SPR biosensor include; noise from the optical system and readout electronics, mechanical stability of the sensor, resolution and the limit of detection [39] of the sensor which can be evaluated when the physical sensor is tested.
SFG-Based Sensor
For operation at visible wavelengths, we use the nonlinear process of SFG, where the incident FW is a femtosecond Gaussian laser pulse in the near infrared range. Most metals have a strong plasmonic response at frequencies in this range [40] . Spectral modulations in the reflected linear field for ultrashort pulses in the Kretschmann configuration have been reported at these frequencies [41] , [42] . The plasmon-enhanced spectral modulation of the incident light when it couples into surface plasmon polaritons subsequently generates more spectral signatures in the reflected nonlinear light through nonlinear polarization.
As a demonstration, we use a 10 fs laser pulse with a peak wavelength of 1178 nm shown in Fig. 2(a) which is incident on a 50 nm thick gold film chosen for optimum resonance [43] , to generate a sum-frequency field at 588.6 nm. Fig. 2(b) , shows the reflected FW, with the hole in the spectrum representing the coupling of light into surface plasmon polaritons. The angle of incidence for which light couples into surface plasmon polaritons is given by [35] 
The calculated plasmon coupling angle at the centre wavelength using Eq. (11) is θ = 42.30
• , which corresponds well to the hole location in Fig. 2(b) . The reflected sum-frequency field is shown in Fig. 2(c) , with the maximum intensity corresponding to the surface plasmon coupling angle of the FW. Finally Fig. 2(d) shows the SFG spectrum normalized for each angle of incidence, to clearly show the position of SFG spectral peak close to SPR. The normalization is done by dividing the spectrum for each angle of incidence by the peak spectral value for that given angle.
A close look at Fig. 2(d) shows shifts in the normalized SFG spectral peak position between incidence angles of 42.2
• and 42.4
• , which corresponds to plasmon coupling range of the FW, confirmed by the minimum in the reflected FW in Fig. 2(b) . We calculate the sensitivity for two incident angles within this range for ε 3 = 1 (air). We chose θ = 42.35
• , where there is a linear blue shift in the spectrum and θ = 42.66
• , where we have a switch in the SFG spectrum which is qualitatively similar to that observed in the Fraunhofer diffraction of light from a circular aperture [44] . Fig. 3(a) and Fig. 3(b) show the shifts in the SFG spectrum with changes in the refractive index n 3 (air) at θ = 42.35
• and θ = 42.66
• respectively. We use Eq. (8) and Eq. (9) together with the plots to calculate the sensitivity and the FOM. The proposed sensor can also be used for biological and chemical sensing in solution and therefore the knowledge of its sensitivity in water is desired. We use the wavelength dependent permittivity of water from [45] in our calculations.
The shifts in the SFG spectrum as a result of changing the refractive index of the sample n 3 (water) at θ = 63.60
• (linear shift) and θ = 64.04
• (spectral switch) are shown in Fig. 3(c) and Fig. 3(d) respectively. These spectral plots are used to calculate the sensitivity and FOM of the sensor for water solution samples. A comparison of the sensitivity and FOM of both linear and SFG Kretschmann-based sensor modalities in both air and water is presented in Table 1 . It should be noted that the measurement range in the linear shift region is not limited to n = 0.003n 3 and can be extended to n = 0.01n 3 , which is comparable to the sensing range of most linear plasmonic sensors [46] . The narrow measurement range in the region where we have a spectral switch in our sensor could be very useful in sensing samples that undergo very small refractive index changes.
We can infer from Table 1 that both the sensitivity and FOM increase by an order of magnitude in either air or water when we employ an SFG-based versus linear sensor modality. Finally, we observe a decrease in both the sensitivity and FOM of both linear and nonlinear sensors in water compared to their operation in air. The analytical expression for sensitivity with wavelength modulation of a Kretschmann-based plasmonic sensor is given by [47] 
Eq. (12) shows that the sensitivity of a linear Kretschmann-based plasmonic sensor decreases with increase refractive index of the sensing medium. Since the operation of our nonlinear plasmonic sensor is fundamentally based on the principle of the linear Kretschmann sensor through the nonlinear interaction of plasmon-enhanced fundamental waves, we also expect the sensitivity of our nonlinear sensor to decrease with increasing refractive index of the sensing medium. The FOM is defined in terms of the sensitivity and we expect a decrease in sensitivity to be matched with a decrease in the FOM.
DFG-Based Sensor
The mid-infrared range is very useful for sensing organic and inorganic molecules [48] . To generate nonlinear signals in this range, we use a dual-wavelength Gaussian pulse and the nonlinear process of DFG. Laser sources with dual wavelengths have been used experimentally to generate sumfrequency waves (SFW) and difference-frequency waves (DFW) in bulk crystals [49] - [53] , which demonstrates the potential use of such sources to generate new frequencies in plasmonic materials.
We use a dual-wavelength pulse with peaks at 660 nm (ω = 2.854 × 10 15 rads/s) and 780 nm (ω = 2.415 × 10 15 rads/s), each with a pulse duration of 20 fs. The FW and reflected linear spectrum from the sensor are depicted in Fig. 4(a) and Fig. 4(b) , respectively. The reflected linear spectrum has holes corresponding to the surface plasmon coupling angle for each peak wavelength. Using Eq. (1), we obtain θ s p p = 43.86
• and θ s p p = 42.97
• for the peaks at 660 nm and 780 nm, respectively, which agrees well with the minimum angle positions in Fig. 4(b) . The differencefrequency spectrum is shown in Fig. 4(c) , with the peak frequency ω = 4.39 × 10 14 rads/s (4.29 μm) corresponding to the difference between the frequency peaks in the FW. The normalized reflected difference-frequency spectrum is shown in Fig. 4(d) .
Similarly to the SFG sensor, we use the normalized difference-frequency spectra [see Fig. 4(d) ] to estimate the angular region where the sensor is spectrally sensitive. For angles in the range θ 0 = 42.7
• − 42.9
• , we have a giant spectral switch in the spectrum. For θ 0 = 42.9
• − 43.39
• , we observe a red shift in the spectrum and finally a blue shift in the spectrum for θ 0 = 43.40
• − 43.59
• . We proceed to calculate the sensitivity and FOM of our sensor in each of these regions using a representative angle of incidence for both air and water. Fig. 5 shows the dependence of spectral shifts at the peak DFG wavelength on refractive index change (n 3 ) in both air and water for different representative angles in the plasmon resonance range of the FW. We use these spectral shift plots to calculate the sensitivity and FOM based on Eq. (8) and Eq. (9). The Kretschmann-based sensor cannot be used in the MIR as a linear sensor due to the large metal losses at these frequencies. Since we cannot compare the performance of our DFG sensor to a linear Kretschmann-based sensor in this range, we have used the sensitivity and FOM values of a recently proposed high sensitivity linear MIR sensor based on metallic nanostructures [54] for comparison. A comparison of the sensitivity and FOM of both linear and nonlinear sensor modalities is presented in Table 2 .
The sensitivity of our DFG Kretschmann-based sensor in both air and water is three orders of magnitude higher than that presented in Nguyen-Huu et al. [54] . As a result of the high sensitivity values of the DFG sensor, the FOM is almost two orders of magnitude higher than those of the linear sensor. As was the case with the SFG nonlinear sensor, the values of the sensitivity and FOM in water are about half those measured in air.
Nonlinear signals are very difficult to detect due to very small magnitudes of metal nonlinear susceptibilities. It is therefore imperative that we estimate the optical power of the reflected SFG/DFG field to make sure they can be easily detected in order to take advantage of the very high sensitivity values of our sensor. To do this, we assume an incident pulse in both cases has an input power of 100 mW, which is quite reasonable for most femtosecond laser sources. The attenuation from optical elements such as collimators, dichroic mirrors, polarizers, microscope objectives etc., which, incidentally, were all used in a recent study of reflected SHG from conducting thin films [55] , was estimated to be 40%. Therefore the power of the source just before incidence on the sample is around 60 mW. From Fig. 2(c) and Fig. 4(c) , we observe the power of the reflected nonlinear field to be approximately 10 −6 times the incident power, thereby leaving us with 60 nW of power immediately after reflection from the sample. Since the reflected fields have to go through optical elements before detection, and assuming a combined attenuation of 40%, this results in a detectable signal of 36 nW. This estimate gives us a reasonable signal power level, which commercial spectrometers such as the Ocean optics USB400, can easily detect. Finally, nonlinear optical measurements from [55] for an incident optical power of 38 mW generated reflected nonlinear signals with a high SNR, which bodes well for our proposed sensor. Our results also indicate that both the sensitivity and FOM strongly depend on the angle of incidence of the FW. Thus accurate control of the incidence angle is very important for the realization of this sensor. Such control can be achieved by using a goniometer, such as the WT-120 High Precision Motorized goniometer from PI GmbH, which has a resolution of 0.0001
• . With such precision, we can accurately control our incident angle.
Conclusion
We have proposed the geometry and calculated the sensitivity and FOM of a Kretschmann-based nonlinear plasmonic sensor, operating at both visible and MIR wavelengths through the SFG and DFG nonlinear processes. We demonstrated at specific angles of incidence close to surface plasmon resonance of the FW very high sensitivity values of 1 × 10 6 nm/RIU and 3.5 × 10 4 nm/RIU for the DFG and SFG processes respectively in air. Our maximum sensitivity value is three orders of magnitude higher than the wavelength sensitivity of a traditional linear Kretschmann-based sensor.
The maximum FOM values of 583 RIU −1 and 765 RIU −1 for reflected SFG and DFG are an order of magnitude higher than the values typical of a traditional Kretschmann sensor. The maximum sensitivity value for measurements in water, which is highly relevant for biosensing applications, was also three orders of magnitude higher than that of a traditional Kretschmann sensor, making the proposed sensor especially suitable for biological or chemical sensing. Besides the large values of the calculated sensitivity, the proposed sensor gives us the unique ability to operate a Kretschmann-based plasmonic sensor in the MIR, which is otherwise impossible to do in the linear regime. An estimation of the nonlinear signal power from the sensor showed that the nonlinear signal could be easily detected with commercially available spectrometers. We have used a well known geometry, which is very easy to fabricate, and effectively transformed it into an extremely sensitive, versatile surface plasmon sensor using its nonlinear optical properties alone.
